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We study the existence and asymptotic stability of traveling waves to
ut ¼ ½gðuþ1Þ þ gðu1Þ  2gðuÞ þ f ðuÞ on R ð0;1Þ;
where u ¼ uðx; tÞ; u
1 ¼ uðx
 1; tÞ; g ¼ dup ðd > 0;p51) and f ¼ u u2: We show
that there exists %c > 0 such that for each wave speed c > %c; there is a traveling wave
U 2 C1ðRÞ; i.e., a solution of the form u ¼ U ðx ctÞ: The traveling wave has the
property that U ð1Þ ¼ 1; U 050 on R; and limx!1 U ðxÞelx ¼ 1; where l ¼ L1ðcÞ is
the smallest solution to cl ¼ f 0ð0Þ þ g0ð0Þ½el þ el  2: We also show that the
traveling wave is globally asymptotically stable in the sense that if an initial value
uð; 0Þ 2 CðR! ½0; 1Þ satisﬁes lim infx!1 uðx; 0Þ > 0 and limx!1 uðx; 0Þelx ¼ 1 for
some l 2 ð0;L1ð%cÞÞ; then limt!1 supR juð þ ct; tÞ=U ðÞ  1j ¼ 0 where ðc;U Þ is the
traveling wave with speed c ¼ CðlÞ ¼ ff 0ð0Þ þ g0ð0Þ½el þ el  2g=l; the inverse of
l ¼ L1ðcÞ: # 2002 Elsevier Science (USA)
Key Words: existence; stability; traveling wave; monostable; initial value problem;
subsolution; supersolution.1. INTRODUCTION
We study the existence and asymptotic stability of traveling waves to
’uj ¼ ½gðujþ1Þ þ gðuj1Þ  2gðujÞ þ f ðujÞ; j 2 Z; ð1:1Þ1To whom correspondence should be addressed.
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CHEN AND GUO550which is a discrete version of the quasilinear parabolic equation
ut ¼ ðgðuÞÞxx þ f ðuÞ: ð1:2Þ
Of our particular interest are the cases
gðuÞ ¼ dup ðd > 0;p51Þ; f ðuÞ ¼ u u2:
When p ¼ 1; (1.2) is the so-called Fisher’s equation [8] or KPP equation
[12]. When p > 1; it is the well-known porous medium equation [6]. The
discrete version (1.1) also came directly from many biological models; see,
for example, [16].
More convenient than (1.1) is to consider its continuum version
utðx; tÞ ¼ D2½gðuð; tÞÞðxÞ þ f ðuðx; tÞÞ 8 x 2 R; t > 0; ð1:3Þ
where D2 is a linear operator from CðRÞ to CðRÞ deﬁned by
D2½cðxÞ  cþ1ðxÞ þ c1ðxÞ  2cðxÞ; c
1ðxÞ  cðx
 1Þ 8x 2 R:
Note that if uðj; 0Þ ¼ ujð0Þ for all j 2 Z; then ujðtÞ ¼ uðj; tÞ for all j and t:
By a traveling wave to (1.1) with speed c > 0; it means a solution to (1.1)
satisfying ujð1=cÞ ¼ uj1ð0Þ for all j: If we deﬁne U ðj ctÞ ¼ ujðtÞ for all
t 2 ½0; 1=cÞ and j 2 Z; then uðx; tÞ :¼ U ðx ctÞ solves (1.3).
The existence, uniqueness, and stability of traveling waves to monostable
or bistable evolution equations have drawn adequate attentions in the
previous year. For the monostable case, e.g., f ¼ u u2; we refer the
readers to Aronson and Weinberger [2], Aronson [1], De Pablo and Vazquez
[6] for (1.2), Weinberger [17], Zinner et al. [21], Wu and Zou [18], Fu et al. [9]
for (1.1), and the references therein. For the bistable case, e.g. f ðuÞ ¼
uð1 uÞðu aÞ with a 2 ð0; 1Þ; see, for example, [7, 11, 15] for (1.2),
[5, 10, 13, 14, 19, 20] for (1.1), and especially the references therein.
In this paper, we are interested in monotonic traveling waves for the
monostable case. Hence, the traveling wave problem we are interested is to
find ðc;U Þ 2 R C1ðRÞ such that
cU 0 þ D2½gðU Þ þ f ðU Þ ¼ 0 on R;
limx!1 U ðxÞ ¼ 0; limx!1 U ðxÞ ¼ 1; U 050 on R:
8<
: ð1:4Þ
STABILITY OF TRAVELING WAVE 551We shall focus our attention on those traveling waves satisfying, for some
positive l depending on c;
lim
x!1
U ðxÞelx ¼ 1: ð1:5Þ
We shall assume the following:
(A1) f ðÞ and gðÞ are Lipschitz, g non-decreasing, and gð0Þ ¼ f ð0Þ ¼
f ð1Þ ¼ 05f ðuÞgðuÞ 8u 2 ð0; 1Þ:
(A2) There exist a 2 ð0; 1 and Mg 2 ½0;1Þ such that jgðuÞ  g0ð0Þuj4
Mgu1þa for all u 2 ½0; 1:
(A3) f 0ð0Þ > 0 and there exist constants Mf > 0 and M
þ
f 2 R such that
Mf u
1þa4f ðuÞ  f 0ð0Þu4Mþf u
1þa 8u 2 ½0; 1:
Under these conditions, we shall show that there exists %c > 0 such that for
each c > %c; there is a traveling wave ðc;U Þ satisfying (1.5) where l ¼ L1ðcÞ is
the smallest root to cl ¼ f 0ð0Þ þ g0ð0Þfel þ el  2g:
When g ¼ du and f ¼ u uq ðq > 1Þ; our existence result recovers an
earlier optimal result of Zinner et al. [21]. However, when g ¼ dup; p 2 ð1; qÞ;
our estimate for %c is not as good as a recent result of Fu et al. [9] who uses a
homotopy method of Zinner et al. [21] that needs only a supersolution for
existence. Nevertheless, here we can establish the extra property (1.5) for the
traveling wave.
Then we consider stability of traveling waves. For this, we assume, in
addition to (A1)–(A3),
(A4) g is strictly increasing, f 0ð1Þ50; and f ; g 2 C1það½0; 1Þ for some
a 2 ð0; 1:
We consider (1.3) with initial value uð; 0Þ ¼ uoðÞ satisfying
(U0) uo 2 CðR! ½0; 1Þ; lim infx!1 uoðxÞ > 0 and limx!1 uoðxÞelx ¼ 1 for
some l 2 ð0;L1ð%cÞÞ:
We show that
lim
t!1
sup
R
uð þ ct; tÞ
U ðÞ
 1

 ¼ 0;
where ðc;U Þ is the traveling wave with c ¼ CðlÞ ¼ ff 0ð0Þ þ g0ð0Þ½el þ el 
2g=l:
In the next section, we use a sub-supersolution method of Wu and Zuo
[18] (also [9]) to show the existence of traveling waves. Then in Section 3 we
establish certain properties of solutions, and construct some sub- and
supersolutions, for the initial value problem of (1.3). Finally, in Section 4 we
CHEN AND GUO552show that traveling waves are asymptotically stable, by using a method from
[3] which deals with non-local bistable equations.
2. EXISTENCE OF TRAVELING WAVES
In this section, we ﬁrst show that the existence of a traveling wave is
equivalent to the existence of a sub-supersolution set for the wave speed
needed. Then we study the relationship between l in (1.5) and c; where a
rough estimate for the range of possible wave speed c is obtained. Finally,
we construct sub- and supersolutions to establish the existence of traveling
waves.
2.1. The Sub-Supersolution Method [9, 18]
Lemma 2.1. Let f and g satisfy (A1). Then for each fixed c > 0; (1.4)
admits a solution U if (and only if) there exist functions fþ;f 2 CðR!
½0; 1Þ with the following properties:
(i) fc0; limx!1 f
ðxÞ ¼ 0; and cðfÞ0  D2½gðf
Þ  f ðfÞ40 on
R;
(ii) fþ is non-increasing, limx!1 f
þðxÞ ¼ 0; and cðfþÞ0  D2½gðf
þÞ 
f ðfþÞ50 on R;
(iii) f4fþ on R:
We remark that here ðfÞ0ðxÞ :¼ lim suph&0
fðxþhÞfðxÞ
h and ðf
þÞ0ðxÞ :¼
lim infh&0
fþðxþhÞfþðxÞ
h :
In the sequel, a function in CðRÞ is called a subsolution or a supersolution
(associated with the traveling wave problem with speed c) if it satisﬁes (i) or
(ii). A pair ðf;fþÞ satisfying (i)–(iii) is called a sub-supersolution set.
The lemma asserts that a traveling wave exists if there is a sub-supersolution
set.
Proof. The following proof is adapted from [9]. For each ﬁxed m > 0 and
U 2 C1ðRÞ \ L1ðRÞ;
cU 0 þ D2½gðU Þ þ f ðU Þ ¼ 0 on R , U ¼ T m½U  on R;
where T m : L1ðRÞ ! CðRÞ \ L1ðRÞ is deﬁned by
T m½U ðxÞ :¼
Z 1
0
emsfD2½gðU Þ þ mU þ f ðU Þgðxþ csÞ ds 8x 2 R:
STABILITY OF TRAVELING WAVE 553Now ﬁx m ¼ jj2g0  f 0jjL1ð½0;1Þ: Then T
m is a monotonic operator on CðR
! ½0; 1Þ; namely,
04f14f241) 04T m½f1ðxÞ4T m½f2ðxÞ41 8x 2 R:
Integrating the inequality cðemZ=cf
ðZÞÞ05> D2½gðf

ÞðZÞ þ f ðf
ðZÞÞ þ m
f
ðZÞ over ½x;1Þ and using the change of variable Z ¼ xþ cs we see that
fþ5T m½fþ5T m½f5f:
Now let f0 ¼ f
þ and fjþ1 ¼ T
m½fj for all j50: Then the family
ffjg
1
j¼0 is bounded by f
þ and f and is non-increasing. Hence,
fn :¼ limj!1 fj exists, f
þ5fn5f; and by Lebesgue’s dominated
convergence theorem, fn ¼ limj!1 fjþ1 ¼ limj!1 T
m½fj ¼ T
m½fn: As fn
is bounded measurable, fn ¼ T m½fn is continuous, which further implies
fn 2 C1ðRÞ:
Now we show that ðfnÞ050: From the deﬁnition of m; it is easy to show
that T m maintains monotonicity; i.e., if f is monotonic, so is T m½f: Since fþ
is non-increasing, for all j; fj is also non-increasing. Thus, f
n is non-
increasing. Differentiating fn ¼ T m½fn then yields ðfnÞ0 > 0 on R:
Finally, sending x!
1 in fnðxÞ ¼ T m½fnðxÞ we obtain fnð
1Þ ¼R1
0 e
ms½f ðfnð
1ÞÞ þ mfnð
1Þ ds; i.e., f ðfnð
1ÞÞ ¼ 0: Since f4fn4
fþ; we see that fnð1Þ ¼ 1 and fnð1Þ ¼ 0: Thus ðc;fnÞ is a traveling
wave. This completes the proof. ]
2.2. Decaying Rate of Traveling Waves
Assume that ðc;U Þ is a traveling wave satisfying (1.5). Then limx!1 fc
U 0ðxÞelxg ¼ f 0ð0Þ þ g0ð0Þfel þ el  2g: Consequently, the identity clU ðxÞ
þcl
R1
x U
0ðsÞ ds ¼ 0 yields Cðc; lÞ ¼ 0 or c ¼ CðlÞ where
Cðc; lÞ :¼ cl f 0ð0Þ  g0ð0Þ½el þ el  2; ð2:1Þ
CðlÞ :¼ l1ff 0ð0Þ þ g0ð0Þ½el þ el  2g: ð2:2Þ
Hence, we have the following:
Lemma 2.2. If ðc;U Þ is a traveling wave satisfying (1.5) for some l > 0;
then, for CðÞ in (2.2),
c ¼ CðlÞ5cn :¼ inf
L>0
CðLÞ: ð2:3Þ
If g0ð0Þ ¼ 0; then l ¼ f 0ð0Þ=c and cn ¼ 0: If g0ð0Þ > 0; the following gives
the inverse of c ¼ CðlÞ:
CHEN AND GUO554Lemma 2.3. Assume that f 0ð0Þ > 0 and g0ð0Þ > 0: Then there exists a
unique ln > 0 such that
CðlnÞ ¼ min
L>0
CðLÞ ¼: cn: ð2:4Þ
In addition, c ¼ CðlÞ is strictly decreasing in ð0; ln and hence has an inverse
l ¼ L1ðcÞ; and c ¼ CðlÞ is strictly increasing in ½l
n;1Þ and has an inverse
l ¼ L2ðcÞ: Furthermore,
(i) if c5cn; then Cðc; lÞ50 for all l 2 R; where C is as in (2.1);
(ii) if c > cn; then Cðc;L1ðcÞÞ ¼ 0 ¼ Cðc;L2ðcÞÞ and
Cðc; Þ > 0 in ðL1ðcÞ;L2ðcÞÞ; Cðc; Þ50 in R=½L1ðcÞ;L2ðcÞ:
The assertion of the lemma follows from the fact that @@cC > 0 and
@2
@l2
C50:
One shall see from Remark 4.1 that l in (1.5) is given by l ¼ L1ðcÞ; the
smaller root to Cðc; Þ ¼ 0:
2.3. Subsolutions
For later applications, we shall construct a family of subsolutions. We
denote
Nc½fðxÞ :¼ c lim
h&0
fðxþ hÞ  fðxÞ
h
 D2½gðfÞðxÞ  f ðfðxÞÞ 8x 2 R:
ð2:5Þ
Lemma 2.4. Assume (A1)–(A3). Let cn; L1ðÞ and L2ðcÞ be defined as in
Lemma 2.3. (If g0ð0Þ ¼ 0; then define cn ¼ 0; L1ðcÞ ¼ f 0ð0Þ=c and L2 ¼ 1:)
Let c > cn be any number.
For every b 2 ð1;minf1þ a; L2ðcÞL1ðcÞgÞ; there exists K1ðc; bÞ51 such that for
each k5K1ðc; bÞ;
fðxÞ :¼ maxf0; eL1ðcÞx  kebL1ðcÞxg 8x 2 R ð2:6Þ
is a subsolution to the traveling wave problem with speed c; i.e. Nc½fðxÞ40 for
all x 2 R:
Proof. When x4ln k=½ðb 1ÞL1; fðxÞ ¼ 0 ¼ fðx 1Þ and limh&0
fðxþhÞfðxÞ
h 50; so that N
c½fðxÞ40:
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Nc½fðxÞ ¼  cf0  D2½gðfÞ  f ðfÞ
4  cf0  g0ð0ÞD2½f  f 0ð0Þf
þ ð4Mg þMf ÞðmaxffðxÞ;fðx 1Þ; ðxþ 1ÞÞ
1þa:
As maxffðxÞ;fðx1Þ;fðxþ1Þg4eðx1ÞL1 and g0ð0Þfðx1Þ5g0ð0Þðeðx1ÞL1
keðx1ÞbL1 Þ;
Nc½fðxÞ4Cðc;L1Þelx  kCðc;bL1ÞebL1x
þ ð4Mg þMf Þe
ð1þaÞðx1ÞL1 :
Upon noting that Cðc;L1Þ ¼ 0; Cðc; bL1Þ > 0; x50; and b41þ a; we see
that Nc½fðxÞ40 if
k5K1ðc; bÞ :¼ maxf1; ð4Mg þMf Þe
ð1þaÞL1=Cðc;bL1Þg: ]
2.4. Supersolutions
Different from subsolutions which depend only on the behavior of f and
g near the origin and hence they exist for each c > cn; supersolutions may
not exist for each c > cn: An example is g0ð0Þ ¼ 0 where cn ¼ 0 but the
inﬁmum of all traveling wave speed is positive (cf. (2.13)).
To construct supersolutions, we shall use the solution to the ode problem
j0 ¼ ðL1 þ mminf1; ðkjÞ
agÞj on R; lim
x!1
jðxÞeL1x ¼ 1; ð2:7Þ
where L1 ¼ L1ðcÞ; k51 is arbitrary and m50 is to be deﬁned in a moment.
This ode problem has a unique solution given implicitly by
ln jðxÞ 
Z jðxÞ
0
mminf1; ðksÞag
sðL1 þ mminf1; ðksÞ
aÞgÞ
ds ¼ L1x 8x 2 R: ð2:8Þ
One notices that
jðxÞ5eL1x 8x 2 R; jðxÞ51 8x4
m ln k
L1ðL1 þ mÞ
; ð2:9Þ
since the integral in (2.8) for jðxÞ ¼ 1 is >
R 1
1=k
m
sðL1þmÞ
ds ¼ m ln kL1þm :
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%c :¼ minfc5cn j 9 #m50]c #m5Mþf þ ½ #mg
0ð0Þ þ 4Mgeð1þaÞðL1ðcÞþ #mÞg; ð2:10Þ
m :¼ minf #m50 j %c #m5Mþf þ ½ #mg
0ð0Þ þ 4Mgeð1þaÞðL1ð%cÞþ #mÞg: ð2:11Þ
As L1ðÞ decreases, %c and m are well deﬁned and cm5Mþf þ ½mg
0ð0Þ þ
4Mgeð1þaÞðL1ðcÞþmÞ if c5%c:
Lemma 2.5. Assume (A1)–(A3), and let cn; L1ðÞ be as in Lemma 2.3, and
%c; m as in (2.10) and (2.11).
Then for every c5%c and every k51; the function f :¼ minf1;jg; where j is
the solution to (2.7), is a supersolution to the traveling wave problem with
speed c; i.e., Nc½f50 on R:
Proof. If x 2 fZ 2 R j fðZÞ ¼ 1g; fðx 1Þ ¼ 1 and limh&0
fðxþhÞfðxÞ
h 40;
so that Nc½fðxÞ50:
If x 2 fZ 2 R j fðZÞ51g; from (A2) and (A3), and fðx 1Þ4jðx 1Þ; we
derive that
Nc½fðxÞ5  cf0ðxÞ  g0ð0ÞD2½fðxÞ  f 0ð0ÞfðxÞ
 Mþf f
1þaðxÞ  4Mgf
1þaðx 1Þ
5  cj0ðxÞ  g0ð0ÞD2½jðxÞ  f 0ð0ÞjðxÞ
 Mþf j
1þaðxÞ  4Mgj1þaðx 1Þ:
Since j
0
j4L1 þ m; we have jðx sÞ4jðxÞe
ðL1þmÞs for all s > 0: Using (2.7)
for j0 and the equality cL1ðcÞ ¼ f 0ð0Þ þ g0ð0Þ½eL1ðcÞ þ eL1ðcÞ  2 we also
have
Nc½fðxÞ5 cmjminf1; ðkjÞag þ g0ð0ÞfðeL1 þ eL1Þj jþ1  j1g
 ðMþf þ 4Mge
L1þmÞj1þa;
where j ¼ jðxÞ and j
1 ¼ jðx
 1Þ: We can estimate
ðeL1 þ eL1 ÞjðxÞ  jðxþ 1Þ  jðx 1Þ
¼
Z 1
0
d
ds
feL1sjðxþ 1 sÞ þ eL1sjðx 1þ sÞg ds
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Z 1
0
feL1sjminf1; ðkjÞagðxþ 1 sÞ
 eL1sjminf1; ðkjÞagðx 1þ sÞg ds
5 með1þaÞðL1þmÞjðxÞminf1; ðkjÞaðxÞg;
since jðx 1þ sÞ4jðxÞeðL1þmÞð1sÞ: Hence, using jaðxÞ ¼ minf1;jaðxÞg4
minf1; ðkjÞaðxÞg; we obtain
Nc½f5jminf1; ðkjÞagfmcMþf  ½mg
0ð0Þ þ 4Mgeð1þaÞðL1ðcÞþmÞg50
by the deﬁnition of m and %c: (Here, we assume that Mþf 50: When M
þ
f 50;
the proof can still be carried through if either we take k ¼ 1 or we make
additional assumption that g0ð0Þ ¼ 0; which is to be assumed implicitly if
needed.) This completes the proof. ]
Remark 2.1. When gðuÞ ¼ du ðd > 0Þ and f ðuÞ ¼ u u2; we simply take
m ¼ 0 to obtain %c ¼ cn: In particular, for each c > cn; b 2 ð1; L2ðcÞL1ðcÞ Þ; and k50;
the function minf1; eL1x þ kebL1xg is a supersolution.
Remark 2.2. If g0ð0Þ ¼ 0; then D2½gðjÞðxÞ ¼ gðjþ1Þ þ gðj1Þ  2gðjÞ4
gðjÞ4Mgj ðx 1Þj
1þa: Hence, 4Mg in the deﬁnition of %c can be replaced by
Mg; resulting
%c :¼ minfc > 0 j 9 #m50]c #m5Mþf þMge
ð1þaÞðf 0ð0Þ=cþ #mÞg:
Remark 2.3. Suppose f ¼ u u2 and g ¼ dup (p > 1). Then using
jðxþ 1Þ4jðxÞeL1ðcÞ (since j0=j5L1ðcÞ ¼ 1=c), we have D2½gðjÞ4
djpðxÞfep=cþm þ ep=c  2g: Hence, we can deﬁne %c by
%c :¼ minfc > 0 j 9m50 ] cm5dðep=cþm þ ep=c  2Þg if 15p52;
%c :¼ minfc > 0 j 9m50 ] cmþ 15d minfðep=cþm þ ep=c  2Þ; e2=cþmgg
if p52:
Remark 2.4. When g ¼ dup (p > 1) and f ¼ u u2; the function f ¼
minf1; elxg; where cl ¼ dðepl þ epl  2Þ þ 1; is a supersolution which can
be used by the homotopy method [9], but cannot be used here to establish
the existence of a traveling wave satisfying (1.5) since l > L1ðcÞ ¼ 1=c:
CHEN AND GUO5582.5. Existence of Traveling Waves
The following is our main result for the existence of traveling waves.
Theorem 1. Assume (A1)–(A3) and define %c as in (2.10). Then for each
c > %c; there is a traveling wave ðc;U Þ to (1.4) and U satisfies
lim
x!1
U ðxÞeL1ðcÞx ¼ 1; lim
x!1
U 0ðxÞeL1ðcÞx ¼ L1ðcÞ; ð2:12Þ
where l ¼ L1ðcÞ is the smallest solution to cl f 0ð0Þ  4g0ð0Þ sinh
2ð1
2
lÞ ¼ 0:
The assertion of the theorem follows from Lemmas 2.1, 2.4, and 2.5.
Remark 2.5. That the inﬁmum of all wave speeds is positive can be
shown as follows. Integrating ½gð1Þ  gðU ÞfcU 0 þ D2½gðU Þ þ f ðU Þg ¼ 0
over ½M ;M  and sending M !1 one obtains
c
Z 1
0
½gð1Þ  gðsÞ ds ¼
Z
R
fðgð1Þ  gðU ÞÞf ðU Þ þ ½gðU1Þ  gðU Þ2g dx:
Let U ðx0Þ ¼ 12 : Then in ½x0; x0 þ 1; gðU1Þ5gð1=2Þ; so that ½gðU1Þ 
gðU Þ25½gð1=2Þ  gð1=4Þ2 if U41
4
and otherwise ðgð1Þ  gðU ÞÞf ðU Þ5
min1=44s41=2 fðgð1Þ  gðsÞÞf ðsÞg: Hence,
c >
minfmin1=45s51=2fðgð1Þ  gðsÞÞf ðsÞg; ½gð1=2Þ  gð1=4Þ
2gR 1
0 ½gð1Þ  gðsÞ ds
: ð2:13Þ
Remark 2.6. In a subsequent paper [4], we shall show that there exists
cmin > 0 such that a traveling wave with speed c exists if and only if c5cmin:
In addition, traveling waves are unique and monotonic.
3. THE INITIAL VALUE PROBLEM
To study the asymptotic stability of the traveling waves, we ﬁrst study the
initial value problem
ut ¼L½u :¼ D2½gðuÞ þ f ðuÞ in R ð0;1Þ;
uðx; 0Þ ¼ uoðxÞ on R f0g:
(
ð3:1Þ
3.1. Existence
Lemma 3.1. Let f and g be Lipschitz continuous, g be non-decreasing, and
f ð0Þ ¼ f ð1Þ ¼ gð0Þ ¼ 0: Then for every uo 2 CðR! ½0; 1Þ; (3.1) admits a
unique solution satisfying u 2 CðR ½0;1Þ ! ½0; 1Þ:
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uðx; tÞ ¼ uoðxÞemt þ
Z t
0
emðttÞfgðuþ1Þ þ gðu1Þ
þ ½f ðuÞ  2gðuÞ þ mugðx; tÞ dt; ð3:2Þ
where u
1ðx; tÞ :¼ uðx
 1; tÞ: The assertion of the lemma then follows by
Picard’s iteration and the monotonicity of u! gðuþ1Þ þ gðu1Þ
2gðuÞ þ f ðuÞ þ mu: ]
3.2. Positivity of Solutions
Lemma 3.2. Assume (A1). Then there exists a family fjjgj2Z of
continuous functions from ð0; 1  ð0;1Þ to ð0; 1Þ such that if uoðxÞ > 0 then
uðxþ j; tÞ5jjðuoðxÞ; tÞ > 0 for all j 2 Z and t > 0:
Proof. By (3.2), uðx; tÞ5uoðxÞemt for all t50: Hence, we can deﬁne
j0ða; tÞ ¼ ae
mt:
Since f ðuÞ  2gðuÞ þ mu50 for all u 2 ½0; 1; (3.2) gives uðxþ jþ 1; tÞ5R t
0 e
mðttÞgðuðxþ j; tÞÞ dt: The assertion of the lemma thus follows if we deﬁne
inductively
jj1ða; tÞ ¼ jjþ1ða; tÞ :¼
Z t
0
emðttÞgðjjða; tÞÞ dt 8j ¼ 0; 1; 2; . . . : ]
We remark that if gðuÞ ¼ u; then j
jða; tÞ ¼ at
jemt=j ! ðj ! : jðj 1Þ
ðj 2Þ . . . 1 the factorial) for all j ¼ 0; 1;2; . . . :
3.3. Comparison Principles
Lemma 3.3. Let f and g be (locally) Lipschitz continuous, g be non-
decreasing, and T > 0 be a constant.
Assume that u1 and u2 are bounded continuous functions on R ½0; T 
satisfying
%
Dtðu2  u1Þ4L½u2 L½u1 on R ð0; T ;
u1ð; 0Þ5u2ð; 0Þ on R f0g; ð3:3Þ
where
%
Dtuðx; tÞ  lim infh&0
uðx; tÞuðx; thÞ
h : Then u
15u2 on R ½0; T :
Proof. Since w :¼ u2  u1 is continuous and bounded, oðtÞ :¼
supR wð; tÞ is continuous on ½0; T :
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oðt0Þ > 0 and
oðt0ÞeKt0 ¼ sup
t2½0;T 
foðtÞeKtg > oðtÞeKt 8t 2 ½0; t0Þ;
where K ¼ 1þ jjf 0jjL1ð½M ;M Þ þ 4jjg
0jjL1ð½M ;M Þ and M ¼ supR½0;T  maxfju
1j;
ju2jg:
Let fxjg
1
j¼1 be a sequence on R such that wðxj; t0Þ > 0 for all j51 and
limj!1 wðxj; t0Þ ¼ oðt0Þ:
Let ftjg
1
j¼1 be a sequence in ð0; t0 such that e
Ktjwðxj; tjÞ ¼
maxt2½0; t0 fe
Ktwðxj; tÞg: Since
oðtÞeKt5oðt0ÞeKt0
for all t 2 ½0; t0Þ; we see that limj!1 tj ¼ t0 and limj!1 wðxj; tjÞ ¼ oðt0Þ: In
addition, for each j51;
04
%
DtfeKtwðxj; tÞgjt¼tj ¼ e
Ktjf
%
Dtwðxj; tjÞ  Kwðxj; tjÞg:
Hence,
%
Dtðu2  u1Þðxj; tjÞ ¼
%
Dtwðxj; tjÞ5Kwðxj; tjÞ:
As 05wðxj; tjÞ4oðtjÞ and g is monotonic,
jf ðu2Þ  2gðu2Þ  f ðu1Þ þ 2gðu1Þj

ðxj; tjÞ
4jjf 0  2g0jjL1ð½M ;M ÞoðtjÞ;
supR fgðu
2ð; tjÞÞ  gðu1ð; tjÞÞg4jjg0jjL1ð½M ;M Þmaxf0;oðtjÞg:
It then follows from (3.3) that
05
%
DtwL½u2 þL½u1

ðxj; tjÞ
5Kwðxj; tjÞ  fjjf 0jjL1 þ 4jjg
0jjL1goðtjÞ:
Sending j!1 and using the deﬁnition of K we then obtain 05oðt0Þ;
contradicting oðt0Þ > 0: This contradiction shows that w ¼ u2  u140 on
R ½0; T : This completes the proof. ]
Lemma 3.4 (Comparison Principle). Let f and g be Lipschitz continuous
and g be non-decreasing.
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u150 and u241 on R ½0;1; that u24u1 on R f0g; and that
u1t L½u
15u2t L½u
2
on fðx; tÞ 2 R ð0;1Þ j u2ðx; tÞ > 0; u1ðx; tÞ51g: ð3:4Þ
Then minf1; u1g5maxf0; u2g on R ½0;1:
The proof follows the same lines as that for the previous lemma
and is omitted. We only point out that w :¼ u2  u1 is bounded from
above by 1 and that wðxj; tjÞ ¼ ðu2  u1Þðxj; tjÞ > 0 implies u2ðxj; tjÞ > 0 and
u1ðxj; tjÞ51 and therefore the differential inequality (3.4) can be used at
ðxj; tjÞ:
Lemma 3.5 (Strong Maximum Principle). Let f and g be Lipschitz
continuous and g be strictly increasing.
Suppose that u1; u2 2 CðR ½0;1ÞÞ satisfies u1t L½u
15u2t L½u
2 on R
ð0;1Þ; u1ð; 0Þ5u2ð; 0Þ on R; and that fx 2 R j 9j 2 Z]u1ðxþ j; 0Þ > u2ðxþ
j; 0Þg ¼ R: Then u1 > u2 on R ð0;1Þ:
We remark that if u1ðj; 0Þ ¼ u2ðj; 0Þ for all j 2 Z; then u1ðj; tÞ ¼ u2ðj; tÞ for
all t > 0:
Proof. As u14u2; ðu1  u2Þt þ mðu
1  u2Þ5gðu1ðx
 1Þ; tÞÞ  gðu2ðx
 1;
tÞÞ: Hence,
u1ðx; tÞ  u2ðx; tÞ5 ðu1ðx; 0Þ  u2ðx; 0ÞÞemt þ
Z 1
0
emðttÞfgðu1ðx
 1; tÞ
 gðu2ðx
 1; tÞÞg dt:
Inductively, we can show that if u1ðx; tÞ ¼ u2ðx; tÞ; then u1ðxþ j; sÞ ¼ u2ðxþ
j; sÞ for all j 2 Z and s 2 ½0; t: The assumption on the initial condition then
gives u1 > u2 on R ð0;1Þ: ]
3.4. Gronwall’s Inequality
Let u1; u2 2 CðR ½0;1Þ ! ½0; 1Þ be any two solutions to (3.1). Let u3
be the solution to (3.1) with initial value u3ð; 0Þ ¼ maxfu1ð; 0Þ; u2ð; 0Þg:
Then using Gronwall’s Inequality, we can establish jjðu3  u2Þð; tÞjjL14
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0jjL1ð½0;1Þ þ 4jjg
0jjL1ð½0;1Þ:
Hence,
sup
R
fu1ð; tÞ  u2ð; tÞg4 sup
R
fmaxfu1ð; 0Þ  u2ð; 0Þ; 0ggeKt 8t50:
3.5. Sub- and Supersolutions
A function w 2 CðR ½0;1ÞÞ is called a sub/super solution if 
ðwt 
L½wÞ50: For later applications, here we construct a few sub- and
supersolutions for the initial value problem (3.1).
Lemma 3.6. Suppose f 2 CðRÞ satisfies Nc½f50 (or 40) on R: Define
wðx; tÞ ¼ fðx ctÞ: Then w is a supersolution (or subsolution) to the initial
value problem.
The assertion follows immediately from the identity wt L½w
¼ Nc½f:
The sub- and supersolutions constructed in the previous section sandwich
solutions to (1.3) accurately for large x: We now construct sub- and
supersolutions which sandwich accurately the solutions to (1.3) for large x:
For this, we shall assume (A4) in Section 1.
Lemma 3.7. Assume (A1)–(A4), and that ðc;U Þ is a traveling wave
satisfying (2.12).
Then for each d 2 ð0; 1Þ and Z 2 ð0; inf s2ð0;dÞ
f ð1sÞ
s Þ; there exists
‘ ¼ ‘ðd; ZÞ > 0 such that for each e 2 ð0; d; the following function is a super/
sub solution:
w
ðx; tÞ :¼ ð1
 qÞU ðx ct
 ‘qÞ; q :¼ eeZt; ðx; tÞ 2 R ½0;1Þ: ð3:5Þ
Here, we have assumed that f and g have been extended over ½1; 2
linearly.
Proof. Denote x ¼ x ct
 ‘qðtÞ: Using the equation for U and ’q ¼
Zq; we have
w
t L½w

¼ ZqUþð1
qÞðcZ‘qÞU 0D2½gðð1
qÞU Þf ðð1
qÞU Þ
¼  ZqfU þ ð1
 qÞ‘U 0g þ ð1
 qÞf ðU Þ  f ðð1
 qÞU Þ
þ D2½ð1
 qÞgðU Þ  gðð1
 qÞU Þ:
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jf 0ðs1Þf 0ðs2Þj
js1s2 ja
: As f 2 C1þa and f ð1Þ ¼ 0;
ð1
 qÞf ðU Þ  f ðð1
 qÞU Þ
¼
Z q
0
f
f ðU Þ  Uf 0ðð1
 sÞU Þg ds
¼ 
 qf ðU Þ  Uf ð1
 qÞ  U
Z q
0
ff 0ðð1
 sÞU Þ  f 0ðð1
 sÞÞg ds
¼ 
 qf ðU Þ  Uf ð1
 qÞ þ Oð1ÞU ð1 U Þaq;
where Oð1Þ42½f 0a: Similarly, as g 2 C
1þa
ð1
 qÞgðuÞ  gðð1
 qÞuÞ
¼ 

Z q
0
fgðuÞ  gð0Þ  ug0ðð1
 sÞuÞg ds ¼ Oð1Þqu1þa;
ð1
 qÞgðuÞ  gðð1
 qÞuÞ
¼ ð1
 qÞgð1Þ  gð1
 qÞ 

Z q
0
f½gðuÞ  gð1Þ  ðu 1Þg0ðð1
 sÞuÞ
þ ½g0ð1
 sÞ  g0ðð1
 sÞuÞg ds
¼ ð1
 qÞgð1Þ  gð1
 qÞ þ Oð1Þð1 uÞaq;
where jOð1Þj42½g0a: It then follows that
jD2½ð1
 qÞgðU Þ  gðð1
 qÞU ÞðxÞj48q½g0a minfU
1þa
1 ; ð1 Uþ1Þ
ag;
where U
1 ¼ U ðx
 1Þ: Consequently,


1
q
fw
t L½w

g5 ð1
 qÞ‘ZjU 0j  ZU þ f ðU Þ þ
f ð1
 qÞ
q
U
 8ð½f 0a þ ½g
0aÞminfU
1þa
1 ; ð1 Uþ1Þ
ag:
Since f 0ðÞ ¼ f 0ð1Þ on ½1; 2 and f ðÞ > 0 on ð0; 1Þ; the constant Z0 :¼
inf05s5d
f ð1
sÞ
s is positive. Thus,


1
q
fw
t L½w

g5 ð1
 qÞ‘ZjU 0j þ ðZ0  ZÞU
 8f½f 0a þ ½g
0agminfU
1þa
1 ; ð1 Uþ1Þ
ag:
Now let x0 be such that 8ð1 U ðx0 þ 1ÞÞ
að½f 0a þ ½g
0aÞ ¼ ðZ0  ZÞU ðx0Þ:
Then
ðw
t L½w

Þ50 when x4x0: As U 050 on R and limx!1
U 0ðxÞ
U ðx1Þ ¼
CHEN AND GUO564L1ðcÞ=eL1ðcÞ; taking
‘ :¼
8ð½f 0a þ ½g
0aÞ
ð1 dÞZ
sup
x5x0
U ðx 1Þ
jU 0ðxÞj
;
we also have 
ðw
t L½w

Þ50 for all x5x0: This completes the
proof. ]
We remark that replacing ‘ by a larger one does not change the
conclusion of the lemma.
4. ASYMPTOTIC STABILITY OF TRAVELING WAVES
In this section, we consider the asymptotic behavior, as t !1; of
solutions to (3.1) where the initial data uo satisﬁes (U0) in Section 1. Our
second main result is the following.
Theorem 2. (Asymptotic Stability of Traveling Waves). Assume that f
and g satisfy (A1)–(A4) and uo satisfies (U0). Let u be the solution to (3.1).
Then
lim
t!1
sup
x2R
uðx; tÞ
U ðx ctÞ
 1

 ¼ 0; ð4:1Þ
where ðc;U Þ is the traveling wave where U satisfies (1.5) and c ¼ ff 0ð0Þ þ
g0ð0Þ½el þ el  2g=l:
In the sequel, u denotes the solution to (3.1) with uo satisfying (U0) and
c ¼ CðlÞ (l ¼ L1ðcÞ).
4.1. Large x ct Behavior
Lemma 4.1. For every e 2 ð0; 1; there exits x1ðeÞ 2 R such that
8x5x1ðeÞ; sup
t50
uðxþ 2eþ ct; tÞ5U ðxÞ5 inf
t50
uðx 2eþ ct; tÞ: ð4:2Þ
Proof. From (U0), there exists x1ðeÞ such that uoðxþ eÞ5eL1x5uo
ðx eÞ for all x5x1ðeÞ:
Lower bound: Consider the subsolution constructed in Lemma 2.4. We ﬁx
b ¼ 1
2
ð1þminf1þ a; L2ðcÞL1ðcÞgÞ and k ¼ maxfK1ðc;bÞ; e
ðb1ÞL1x1ðeÞg: Then eL1x
kebL1x50 for all x4x1ðeÞ: Hence, uoðx eÞ5maxf0; eL1x  kebL1xg
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uðx e; tÞ5eðxctÞL1  keðxctÞbL1 8x 2 R; t50:
As limx!1 U ðxÞeL1x ¼ 1; there exists x2ðeÞ > 0 such that eðxeÞL1 
keðxeÞbL1 > U ðxÞ for all x > x2ðeÞ: Consequently, inf t50 uðx 2eþ ct; tÞ5
eðxeÞL1  keðxeÞbL15U ðxÞ for all x5x2ðeÞ:
Upper bound: Consider the supersolution constructed in Lemma 2.5. In
view of (2.9), we see that we can take k large enough such that jðxÞ > 1 for
all x5x1ðeÞ: As jðxÞ > eL1x on R; there holds uoðxþ eÞ4minf1;jðxÞg:
Consequently, uðxþ e; tÞ4minf1;jðx ctÞg on R ½0;1Þ: Since limx!1
jðxþeÞ
U ðxÞ ¼ e
L1e51; there exists x3ðeÞ such that jðxþ eÞ5U ðxÞ for all x5x3ðeÞ:
Hence, for all x5x3ðeÞ; supt50 uðxþ 2eþ ct; tÞ4jðxþ eÞ4U ðxÞ: This
completes the proof of the Lemma. ]
4.2. Large ct  x Behavior
Lemma 4.2. There exit d 2 ð0; 1Þ; Z > 0; ‘ > 0 and z0 > 0 such that for all
x 2 R and t51;
ð1 deZtÞU ðxþ z0  d‘eZtÞ
4uðxþ ct; tÞ4ð1þ deZtÞU ðx z0 þ d‘eZtÞ: ð4:3Þ
Consequently, for all t51;
1 deZt4 inf
R
uð þ ct; tÞ
U ð þ z0Þ
4 sup
R
uð þ ct; tÞ
U ð  z0Þ
41þ deZt: ð4:4Þ
Proof. Lower bound: In view of (4.2), uðxþ c 2; 1Þ5U ðxÞ for all
x5x1ð1Þ:
Since lim infx!1 uoðxÞ > 0; there exists d2 > 0 and x450 such that uoðxÞ >
d2 for all x5x4: Using the positivity Lemma 3.2 we see that there exists d51
such that uðxþ c 2; 1Þ51 d for all x4x1ð1Þ: Thus, uðxþ c 2; 1Þ5ð1
dÞU ðxÞ for all x 2 R: The comparison function in (3.5) then gives the required
lower bound in (4.3).
Upper bound: Again, in view of (4.2), uoðxþ 2Þ4U ðxÞ for all x5x1ð1Þ:
Also, for d given in the lower bound estimate, we have uoðxþ 2Þ414ð1þ
dÞU ðx x5Þ for all x4x1ð1Þ if we take large x5 such that U ðx1ð1Þ 
x5Þ51=ð1þ dÞ: Thus, uoðxþ 2þ x5Þ4ð1þ dÞU ðxÞ: Using the comparison
function in (3.5) then gives the upper bound in (4.3).
Finally, (4.4) is a direct consequence of (4.3). This completes the
proof. ]
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Lemma 4.3. There exists M0 > 0 such that
ð1 eÞU ðx 3e‘Þ4U ðxÞ4ð1þ eÞU ðxþ 3e‘Þ 8e 2 ð0; d; x4M0: ð4:5Þ
Proof. Note that ddsfð1þ sÞU ðxþ 3s‘Þg ¼ U ðxþ 3‘sÞ þ 3ð1þ sÞ‘U
0ðxþ
3s‘Þ: Since U 0 ¼ 1cfD2½gðU Þ þ f ðU Þg ! 0 as x! 1 we see that there
exists M0 > 0 such that U ðxÞ þ 6‘U 0ðxÞ > 0 for all x4M0 þ 3‘: Thus dds
fð1þ sÞU ðxþ 3s‘Þg > 0 for all s 2 ½d; d and x4M0: The assertion of the
lemma thus follows. ]
4.3. The Middle
Lemma 4.4. Let z and M be arbitrarily fixed positive constants. Let w
 be
the solution to wt L½w ¼ 0 on R ð0;1Þ with initial value
wþðx; 0Þ ¼ U ðx zÞzðxMÞ þ U ðx 2zÞð1 zðxMÞÞ 8x 2 R; ð4:6Þ
wðx; 0Þ ¼ U ðxþ zÞzðxMÞ þ U ðxþ 2zÞð1 zðxMÞÞ 8 x 2 R; ð4:7Þ
where zðsÞ ¼ minfmaxf0; sg; 1g for all s 2 R: Then there exists an e 2
ð0;minfd; z=ð3‘ÞgÞ such that
wþðxþ c; 1Þ4ð1þ eÞU ðx 2zþ 3e‘Þ 8x 2 ð1;M ; ð4:8Þ
wðxþ c; 1Þ5ð1 eÞU ðxþ 2z 3e‘Þ 8x 2 ð1;M : ð4:9Þ
Proof. Consider wþ: Since wþð; 0Þ4U ð  2zÞ on R and wþð; 0Þ5U
ð  2zÞ on ½M þ 1;1Þ; by the strong maximum principle, wþð þ c; 1Þ5
U ð  2zÞ on R: As wþð; 1Þ and U ðÞ are continuous, there exists
e 2 ð0; d such that wþð þ c; 1Þ4U ð  2zþ 3e‘Þ on the compact interval
½M0 þ 2z;M ; where M0 is as in Lemma 4.3 which asserts that U ðÞ4
ð1þ eÞU ð þ 3e‘Þ on ð1;M0: Hence, we also have wþð þ c; 1Þ4
U ð  2zÞ4ð1þ eÞU ð  2zþ 3e‘Þ on ð1;M0 þ 2z: Therefore, (4.8)
holds.
The proof for w is analogous, and is left to the reader. The proof is thus
considered as complete. ]
4.4. Proof of Theorem 2
We deﬁne
zþ :¼ inf fz j z 2 Aþg; Aþ :¼ z50 lim sup
t!1
sup
R
uð þ ct; tÞ
U ð  2zÞ
 41
 	
; ð4:10Þ
STABILITY OF TRAVELING WAVE 567z :¼ inf fz j z 2 Ag; A :¼ z50 lim inf
t!1
inf
R
uð þ ct; tÞ
U ð þ 2zÞ
 51
 	
: ð4:11Þ
In view of (4.4), we see that 1
2
z0 2 A
: Hence, zþ and z are well deﬁned
and z
 2 ½0; 1
2
z0: Furthermore, as lime&0
U ðeÞ
U ðÞ ¼ 1; we see that z

 2 A
 and
A
 ¼ ½z
;1Þ:
Thus, to complete the proof, we need only show that zþ ¼ z ¼ 0: First
we prove zþ ¼ 0; by a contradiction argument. Suppose for the contrary
that zþ > 0:
We ﬁx z ¼ zþ and M ¼ x1ðzþ=2Þ and denote by e the resulting constant in
Lemma 4.4. We now compare uð þ ct; tÞ with wþð; 0Þ in (4.6).
Since zþ 2 Aþ; lim supt!1 supR
uðþct; tÞ
U ð2zþÞ41: It then follows that there exists
T50 such that supR
uðþcT ;T Þ
U ð2zþÞ41þ #e where #e ¼ eU ðM þ 3‘Þe
K and K :¼
jjf 0jjL1ð½0;1Þ þ 4jjg
0jjL1ð½0;1Þ: From (4.6), w
þð; 0Þ ¼ U ð  2zþÞ on ð1;M ; so
that on ð1;M ; uð þ cT ; T Þ4U ð  2zþÞ þ #e4wþð; 0Þ þ #e:
On ½M ;1Þ ¼ ½x1ðzþ=2Þ;1Þ; we have, from (4.2), that uð þ cT ; T Þ4
U ð  zþÞ4wþð; 0Þ by the deﬁnition of wþð; 0Þ in (4.6). Thus, uð þ cT ; T Þ4
wþð; 0Þ þ #e on R: A comparison then gives uð þ cT ; T þ 1Þ4wþð; 1Þ þ #eeK :
Note that #eeK ¼ eU ðM þ 3‘Þ: It then follows from (4.8) that
uð þ cþ cT ; T þ 1Þ4wþð þ c; 1Þ þ #eeK ðon RÞ
4 ð1þ eÞU ð2zþþ3e‘Þþ eU ðMþ3‘Þ on ð1;M 
4 ð1þ 2eÞU ð  2zþ þ 3e‘Þ on ð1;M :
Since uð þ cðT þ 1Þ; T þ 1Þ4U ð  zþÞ on ½M ;1Þ (by (4.2)), M ¼ x1ðzþ=2Þ),
and 3e‘4zþ; there holds uð þ cðT þ 1Þ; T þ 1Þ4U ð  2zþ þ 3e‘Þ on ½M ;1Þ:
Thus we have
uð þ cðT þ 1Þ; T þ 1Þ4ð1þ 2eÞU ð  2zþ þ 3e‘Þ on R:
A comparison then shows that
uðxþ cðT þ 1þ tÞ; T þ 1þ tÞ4ð1þ 2eeZtÞU ðx 2zþ  ct þ e‘ þ 2e‘eZtÞ
8 ðx; tÞ 2 R ½0;1Þ:
This implies that lim supt!1 supR
uðþct; tÞ
U ð2zþþe‘Þ41: That is, z
þ  e‘=2 2 Aþ; but
this contradicts the deﬁnition of zþ: This contradiction shows that zþ ¼ 0:
In a similar manner, one can show that z ¼ 0 and thereby completing the
proof of Theorem 2. ]
CHEN AND GUO568Remark 4.1. The asymptotical stability result implies that if ðc;U Þ; c > %c;
is a traveling wave satisfying (1.5), then l ¼ L1ðcÞ: The proof proceeds as
follows: Suppose l=L1ðcÞ: Then since Cðc; lÞ ¼ 0; we must have l ¼
L2ðcÞ > L1ðcÞ: Let c1 2 ð%c; cÞ be any ﬁxed number and ðc1;U1Þ be the traveling
wave established in Theorem 1. Consider an initial value problem for ut ¼
D2½gðuÞ þ f ðuÞ in R ð0;1Þ with initial value uðx; 0Þ ¼ uoðxÞ ¼ maxfU ðxÞ;
U1ðxÞg: Then limx!1 uoðxÞeL1ðc1Þx ¼ 1 since L1ðc1Þ5l
n5L2ðcÞ: This implies
that uð þ c1t; tÞ ! U1ðÞ: However, uð; tÞ5U ð  ctÞ which implies that uð þ
c1t; tÞ5U ð  ðc c1ÞtÞ ! 1 as t !1; which is impossible. This contra-
diction shows that l ¼ L1ðcÞ:
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